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Abstract
We present a hierarchical, dimension-independent approach to mesh generation from segmented
images, based on adaptive spacetree subdivision. The central algorithm is extended to generate
non-uniform tetrahedral meshes or hybrid meshes containing hexahedra, pyramids, and tetrahedra. We present a volumetric marching tetrahedra algorithm permitting vertices to lie on
the separating surface, enabling d-linear separating functions and vertex snapping. This algorithm is extended to multiple material, and a new separating function based on solid angles is
proposed. Finally, smoothing in the presence of internal boundaries is discussed.
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Introduction

Building a geometric representation (that is, a volume mesh) from a medical image is a necessary prerequisite for many interesting numerical analyzes like computational structural mechanics or fluid dynamics, which use finite element or finite volume algorithms [1].
A segmented (or labeled) medical image can already be regarded as such a geometric model
by viewing the individual voxels as cells (elements) of a (subset of a) structured mesh. However,
such a mesh gives us a fixed resolution and a non-smooth axis-aligned boundary approximation.
While this is appropriate for some problems, often one needs meshes that are better adapted to
the geometry, for instance by providing smooth approximations of the boundary or permitting
local cell spacing in order to control resolution and problem size.
In this paper, we show how to refine the basic structured mesh represented by a multimaterial segmented image into a non-uniform unstructured mesh with smooth internal and external boundaries. The algorithms are essentially dimension independent, except some parts
of the marching simplices method which have to be adapted for each image dimension. The
algorithms can be controlled in a flexible way, allowing one e.g. to treat different materials,
interfaces or locations differently.
The meshing paradigm used in this paper we have called volume-oriented meshing, as it directly operates on a volumetric representation of the geometry, and a boundary surface approximation is created in the course of the volume meshing process. It has been used by a number of
researchers in the context of medical image data, for instance [2, 3]. Similar approaches have
been used at least since 1983 [4].
A competing meshing approach is surface-oriented meshing, where first a surface mesh is
generated and used as a starting point for volume meshing. Well-known examples are Delaunay
triangulation and the advancing front method, see [5] for an overview.
We feel that in the context of geometries represented by segmented volume images, the
volume-oriented approach has some advantages over the surface oriented approach. It is fast,
stable, and easy to implement. It also seems to be more natural for volumetric data that do not
contain an explicit and unambiguous boundary definition. The latter is found as a by-product.
whereas the surface-oriented approach needs a surface mesh as starting point. However, in the
volume-oriented approach, special attention has to be paid to mesh quality near the boundary.
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This paper is composed as follows: In the first section, we give an overview on the work flow
of the volumetric meshing approach, going from segmented images to hierarchical spacetrees
to non-uniform simplicial or hybrid meshes and finally to smoothed boundary approximations.
Here, we introduce a generalization of the volumetric marching simplices algorithm to permit vertices lying on the separating surface, and discuss smoothing in the presence of internal
boundaries. In Section 3, we present an extension of marching simplices to the case of multiple
materials. Finally, we discuss the methods presented and point to further research.
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The Volume-oriented Meshing Pipeline

The volume-oriented meshing approach operates in stages (cf. Fig. 1), described briefly in the
sequel. More detail can be found in [6]. We start with a segmented d-dimensional image, which
has been obtained by assigning material labels to the voxels of a raw (gray-scale) image. Here,
we do not consider the segmentation process itself part of the meshing. We only note that the
segmented image may result in a loss of geometric precision, which may make it advantageous
to use the initial raw image as additional source of information in later meshing stages, for
instance for boundary approximation.

Spacetree generation
The next step transforms the segmented image, which may be regarded as a Cartesian grid,
into a hierarchical structure called spacetree [7] (known as quadtree in 2D and octree in 3D). We
may use different refinement patterns besides the classical bisection pattern. This transformation allows to adapt mesh size locally, e.g. according to material and interfaces. The spacetree
may be balanced allowing arbitrary levels of imbalance. See Fig. 2 for examples.
Non-uniform conforming meshing So far, the mesh consists of axis-aligned cubes of different
sizes (Fig. 1 (b)). While this may already be usable for some simulation algorithms [7], most
numerical methods require conforming interfaces, i.e. without so-called hanging nodes. Therefore, we now tessellate the spacetree in order to obtain a conforming mesh, consisting either
of simplices only or containing simplices, pyramids and cubes. In order to achieve a conforming tessellation into simplices, we apply a recursive midpoint-rule: First, each boundary facet
of a cube is subdivided into d − 1-dimensional simplices, and then, each boundary simplex is
connected to the midpoint of the cube, creating a d-dimensional simplex. For cubes which are
regular (that is, have no hanging nodes on their boundary), we use a template tessellation which
produces much less simplices. See Fig. 1 (c) for a 2D example and Fig. 3 for a 3D example. This
approach can easily extended to hybrid mesh generation, leaving regular cubes and generating
pyramids as transition elements between cubes and simplices.
Marching simplices The resulting mesh is conforming, but still lacks boundary smoothness.
The basic idea of marching simplices is to define a separating surface between two regions
and split each simplex intersecting this surface. The problems which have to be solved are the
following:
1. How to ensure a conforming triangulation after splitting?
2. How to define a smooth separating surface?
3. How to cope with vertices very close to or on the separating surface?
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Figure 1: The volume-oriented mesh generation pipeline. (a) The segmented image, consisting
of 3 materials. (b) First a spacetree is constructed from the image. Here, each material and
each interface has its own resolution. (c) Next, a non-uniform simplicial (or hybrid) mesh
is generated, by using midpoint-based subdivision. Most of the uniformly sized cells in the
bottom region are subdivided by a template. (d) A variant of the volumetric marching simplices
algorithm is applied to obtain smoother boundaries (zoom). (e) Finally, additional iterative
smoothing gives better boundaries (zoom).
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Figure 2: Different options for spacetree generation. (a) 2 × 2 pattern, 1 level balancing. (b)
2 × 2 pattern, 2 levels balancing. (c) 3 × 3 pattern, no balancing. The interfaces and materials
are meshed with different resolutions. (d) Non-uniform mesh resulting from (c). Imbalanced
spacetrees result in skinny simplices.
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Figure 3: The non-uniform meshing algorithm in 3D. (a) Template subdivision of a cube (regular spacetree cell) into 5 tetrahedra. (b) Midpoint subdivision of a non-regular spacetree cell.
The left and the top facets are subdivided according to the midpoint rule, whereas the subdivision of the right facet uses a template. The rule for choosing the diagonal uses only information
associated to the facet in order to guarantee a consistent triangulation of two adjacent cells. (c)
Extended template for the case in (b), which avoids the generation of additional nodes. (d) Full
3D example.

case 1: (1, 0, 3)/(3, 0, 1)

case 2: (2, 0, 2)

case 3: (1, 1, 2)/(2, 1, 1)

case 4: (1, 2, 1)

Figure 4: We can classify simplices by a triple (n+ , n0 , n− ), meaning the number of vertices v
with f (v) > 0, f (v) = 0, and f (v) < 0. There are 4 essential cases for vertex signs 3D. Blue
(dark gray) is positive, red (medium gray) is negative, yellow (light gray) is zero. The new
triangulation edges are also shown, assuming the “smallest” vertex is always the right front
one. The real intersection points are found be linear interpolation of f along each edge.
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4. How to cope with multiple materials?
In [3], the authors present a volumetric marching tetrahedra algorithm which solves problem 1
by using a vertex ordering rule to disambiguate the splitting process.
A general approach to obtain a separating surface is to define a scalar function f on the
image domain and use the zero isosurface of f . Probably the simplest way to define f is to use
d-linear interpolation of the binary voxel values. This produces visible staircase artefacts (cf.
Fig. 6 left), which can be smoothed afterwards. Other possibilities are the use of the gray values
in the original raw image, or some higher-order interpolation.
A problem may be vertices which are close to or even on the separating surface. For example, when using d-linear interpolation, we obtain only a finite number of different function
values for f ; thus, a number of vertices lie on the surface. Also, for arbitrary separating functions, it may happen that a vertex is very close to the surface, resulting in very thin simplices. In
such a case, it is preferable to move (“snap”) the vertex to the surface. Therefore, the simplex
splitting patterns in [3] has been extended to handle the “degenerate” case of vertices lying on
the surface.

(a)

(b)
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Figure 5: Different stages of surface smoothing: (a) Only marching simplices, no iterative
smoothing (b) Smoothing on material interfaces only (c) Smoothing on material interfaces, followed by volumetric smoothing. Vertices on material interfaces are kept fixed during volumetric
smoothing.
Finally, the separating surface approach does not directly extend from the binary case to the
multi-material case. In the following section, we present a simple iterative technique using a
new separating function which can be derived from arbitrary unstructured meshes.
Mesh smoothing Depending on the smoothness of the separating surface used, the boundaries of the mesh produced by the marching simplices algorithm still contain visible staircase
artefacts stemming from the non-smooth approximation of the geometry in the underlying segmented image. These artefacts can be reduced significantly by smoothing the boundary surfaces. The basic idea here is to use Laplacian smoothing of boundary vertices. However, Laplacian smoothing will shrink a surface towards its barycenter [8]. Thus, vertex movement has to
be constrained, or at least the shrinking effect has to be reduced by a clever use of parameters
based on signal processing theory [8].
Smoothing the surface may have an adverse effect on the quality of incident volume element.
To mitigate this effect, we first smooth the surface vertices, and then perform a volumetric
Laplacian smoothing, keeping surface vertices fixed. In 3D, we first perform smoothing on
material edges, that is, on vertices where 3 interior surfaces meet, then surface smoothing, and
finally volume smoothing. For each stage, only neighbor vertices in the same subset (material
edge, interface or interior) are considered; vertices in lower-dimension subsets (which have
already been smoothed) are kept fixed (cf. Fig. 5).
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Figure 6: Surface mesh of a human skull. Left: Result of the marching simplices with 3-linear
interpolation. The staircase artefacts resulting from the binary classification are still clearly
visible. Right: Same mesh after additional smoothing has been applied.
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Multiple Materials and Solid Angles as Separating Function

The approaches presented in the preceding section to not generalize directly to the case where
n > 2 materials are present. If we view an image as a Cartesian grid with the voxels playing the
role of cells, we may classify the vertices according to the number of different materials present
in the incident cells. Two-material point lie on a material surface and can be handled by the
algorithms presented before. However, three-material points lie on material edges and are more
difficult to deal with. A basic idea is to replace the scalar separating function f with a vector
( f1 , . . . , fn ) of material inclusion ratios or probabilities summing up to 1.
Several possibilities to handle multiple materials were suggested. Nielson and Franke [9]
present a simple extension of the two-material scheme [3]. They assume a labeling of the
vertices with an (integer or fractional) inclusion probability. The interfaces are reported to lack
smoothness, especially in irregular meshes. This may be due to the use of integer probabilities
stemming from assigning vertices to materials.
Bonnell et al [10] consider material interface reconstruction in the context of computational
fluid dynamics. They interpret material-inclusion ratios on vertices as barycentric coordinates
in a higher-dimensional space and project the intersection with a corresponding Voronoi tessellation back to the physical space to obtain material boundaries. However, they do not treat
the splitting of volume cells. Hege et al [11] extend the Marching Cubes algorithm to handle
multiple materials. They assign a material-inclusion ratio vector to vertices (assumed integer
for efficiency, that is, the probability fm equals 1 for some m) and use a sub-voxel Cartesian
subdivision plus a detailed case analysis to subdivide each cube (voxel). Thus, their method is
restricted to Cartesian grids.
None of the research cited above considers the case of separating surfaces passing through
vertices.
Our basic idea for generalizing the marching simplices algorithm to multiple materials is
to apply it iteratively: If we have a set of material M = {m1 , . . . , mn }, we first form the sets
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M1 = {m1 } and M2 = M \ M1 and apply the two-material algorithm. We repeat this for each
material m j instead of m1 . Thus, each material interface is visited twice.
If we use the iterated approach, we have to operate on an unstructured mesh. In order to
get a smooth separating function defined for the internal boundaries of an unstructured mesh
partitioned into several materials, we have to assign the material inclusion probabilities for each
vertex to each material.
When a vertex is surrounded by cells of a single material m, its inclusion probability fm (v)
is 1 with respect to this material and 0 with respect to all other materials. When a vertex is
surrounded by cells of different materials, we use the solid angle of these cells to measure the
contribution of each material. We define the solid angle ratio ac (v) of a vertex v of a polytope
c as the ratio Scone /Ssphere of the surface Sc which the cone at that vertex cuts out on a small
sphere surrounding the vertex to the surface Ss of the sphere. We have 0 ≤ ac (v) ≤ 1 and
ac (v) = 1

∑

(1)

Cells c incident to v
for interior vertices v. Setting
fm (v) =

∑

ac (v)

(2)

Cells c of material m incident to v
we use the iso-value fm = 1/2 to separate M1 from M2 in the mth iteration.
When using the iterative approach, a problem occurs when splitting a cell which is part of
the single material set M1 . In this case, one part of the split cell belongs to the multi-material
set M2 , and the question arises which material should be assigned to the new cell(s) of this part.
We propose a simple but sufficient approach which uses the material of the majority of cell
neighbors, weighted by the corresponding facet area.
A problem with the iterated approach is its dependence on the ordering of the materials,
which may lead to non-optimal results at material edges in 3D (three or more material interfaces
meeting). Also, while it works quite well in 2D (cf. Fig. 1 (d) and (e)), there are some problems
with material edges in 3D. Perhaps a combination of the template approach in [9] with our
smoother vertex probabilities would be appropriate. However, in order to continue the special
treatment of “degenerate” vertices (lying on material surfaces or even edges), a considerable
number of cases would have to be treated. A complete treatment of configurations for arbitrary
inclusion properties entail a large number of cases, as the maximum probability for m material
may change m times along an edge. Giving a special treatment to “degenerate” vertices (lying
on material surfaces or even edges) would further increase the number of cases. Therefore, a
consistent way of reducing the needed cases is preferable.
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Conclusion

We have outlined a flexible approach for volume-oriented mesh generation, applying different
independent steps in a pipelined workflow. The non-uniform meshing algorithm and the marching simplices algorithm with d-linear separating function can guarantee a minimum mesh quality [6]. Subsequent mesh smoothing allows to get smoother boundaries, yet the impact on mesh
quality has to be investigated more thoroughly.
The iterative extension of the volumetric marching simplices algorithm to multiple materials
looks promising, but more work has to be put into the issue of material edges where three or
more material interfaces meet. In the future, we will investigate additional subdivision templates
for the multi-material case.
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In P. Neittaanmäki, T. Rossi, K. Majava, and O. Pironneau, editors, European Congress
on Computational Methods in Applied Sciences and Engineering ECCOMAS 2004. University of Jyväskylä, Department of Mathematical Information Technology, 2004.
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