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Abstract

The local data dependency pattern or stencil of a numerical algo-
rithm is a structural property which is important for parallel compu-
tations. We present an algebraic notation for stencils on unstructured
grids, derive some basic properties of stencils, and introduce two al-
gorithms for constructing grid overlaps based on stencils. Finally, we
show how these results lead to a more general and reusable approach
to parallel PDE solution.

1 Introduction and Motivation

For a numerical mathematician, discretization algorithms are of interest
mostly from the point of view of their approximation properties. Here, we
look at such algorithms from a different angle: We investigate some of their
structural aspects, using techniques from combinatorics and topology.

The motivation for this approach is found in the parallel numerical so-
lution of partial differential equations. In order to meet the demand for
computational power, using affordable parallel hardware like PC clusters has
become a viable option for PDE solver software.

Although the parallelization of such software in general follows the con-
ceptually simple paradigm of geometric data partitioning, there are serious
technical obstacles to obtaining correct and efficient parallel software. The
difficulties stem in part from the need of duplicating information in order to
ensure efficient data access.

The exact extent of the duplication or overlap depends on the data de-
pendency patterns (stencils) of the numerical algorithms used, and may vary
considerably among different applications. Whereas this problem has found
sufficient coverage in the case of structured grids [4, 5], the case of unstruc-
tured grids still lacked a general solution. Exploiting the common structure
of discretization algorithm, we present a simple algebraic description of their
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stencils, which can be used to create the necessary overlap automatically and
efficiently.

The layout of this paper is as follows: To set the stage, we first introduce
some aspects of parallel PDE solution. In section 3, we introduce a notation
for stencils on arbitrary grids, and present some fundamental properties of
stencils. Section 4 deals with a sequential and a distributed algorithm for
calculating grid overlaps depending on a stencil. Finally, we discuss some
issues related to a general and reusable implementation of these algorithms
in section 5.

2 Some Aspects of Distributed PDE solution

The paradigm of choice for parallel PDE solution is geometric data partition-
ing or domain decomposition2: The computational domain, represented by
a grid, is partitioned into parts of approximately equal size and distributed
accordingly. To ensure data locality, each part has to be enlarged by a grid
overlap. As the grid data on the overlap is duplicated on several parts, spe-
cial action has to be taken to reestablish consistency of copies at well-defined
moments.

Most of the technical details can be handled by data structures special-
ized to represent distributed overlapping grids. When constructing such a
distributed overlapping grid, we start, at least conceptually, with a single
global grid Ĝ, which is partitioned by some grid partitioning algorithm, see
e. g. [6]. Appropriate overlaps have to be determined and added to the local
parts, leading to local overlapping grids.

In each local grid, the grid elements (like vertices or cells) can be par-
titioned into disjoint ranges, classified as private, exposed (to other parts),
shared (with other parts), and copied (from other parts). This allows to
restrict the computation to the logically owned part of the grid, and to over-
lap computation and communication (compute-and-send-ahead). Also, the
synchronization of grid data can be implemented in a general manner on top
of these overlap ranges, see [1] for details.

The crucial part — which served as motivation and starting point for the
development of the stencil calculus — is the determination of the overlap,
because information on (and only on) the structure of the concrete numer-

2This is meant in a general sense, not Schwarz DD.
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for all Cells c ∈ Gd do
flux(c) = 0;
for all Neighbor cells c′ of c do

flux(c) += numflux(c,c′,U)

(a) The skeleton of a first-order Fi-
nite Volume algorithm

for all Vertices v ∈ G0 do
avg(v) = 0, vol = 0
for all cells c incident to v do

avg(v) += volume(c)*U(c)
vol += volume(c)

avg(v) = avg(v)/vol

(b) Averaging cell values on vertices

Figure 1: Two simple algorithms, with stencils (C,F,C) and (V,C)

ical algorithms must be used. So, higher-order approximation algorithms
typically need a larger overlap than low-order ones do.

3 Stencils of Numerical Algorithms

Let us look at some archetypical examples of numerical discretizations for
PDEs to get an idea of how their stencils can be described in a simple, yet
exact way.

The archetype of a first-order Finite Volume scheme is shown in figure
1(a). Its data dependency pattern can be described as going from cells (C)
over incident facets (F ) to incident cells (C), written compactly as (C,F,C);
or (d, d− 1, d), where d is the dimension of the grid.

A more complicated example is shown in figure 1(b). Here, the state of the
solution is averaged on vertices, using the state of incident cells. Hence, the
stencil is (V,C), or (0, d). If this algorithm is used together with a recovery
approach, replacing the flux calculation in figure 1(a), the combined stencil
becomes (C,F,C, V, C), or (d, d− 1, d, 0, d).

Definition 1 (incidence sequence). An incidence sequence for a d-dimen-
sional grid is a sequence I of numbers (a0, . . . , an) with 0 ≤ ai ≤ d and
ai 6= ai+1. The sequence I is cell-based, if I = (d, d1, d, . . . , dk, d), where d is
the dimension of the grid. (All stencils shown here are cell-based.)

Now, let us assume we are given an algorithm A with stencil described by
a sequence I, and a partition P of a grid G. The overlap needed by A when
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(a) Stencil (C,F,C) (b) Stencil (V,C) (c) Stencil (C,F,C, V, C)

Figure 2: Stencil 2(c) is composed by chaining stencils 2(a) and 2(b) and
results when combining algorithms 1(a) and 1(b)

executed on P is the set of all cells (and elements of lower dimension incident
to them) which can be reached from the cells of P (the germs) “following
the sequence I”:

Definition 2 (incidence layers and hulls). Let K ⊂ G be an initial set
(germ) of elements of dimension i. The incidence layer L(i,j)(K) is defined
by

L(i,j)(K) :=
⋃
e∈Ki
Ij(e) =

⋃
e∈Ki
{f ∈ Gj | f incident to e} (1)

Let I = (a0, a1, . . . , an) be an incidence sequence over a grid G. The hull

H = HI(K) and the layers L(k)
I (K) generated by I and a germ K ⊂ Ga0 are

then defined recursively by

L(0)
I (K) := K (2)

L(k)
I (K) := L(ak−1,ak)(L(k−1)

I (K)) \
k−1⋃
j=0

(L(k−1)
I (K)) (3)

HI(K) :=
n⋃
k=0

L(k)
I (K) (4)

See figure 4 for an example. For sake of simplicity, we will henceforth
only consider cell-based sequences.

It is clear that the stencil (d, 0, d) will generate a larger hull than (d, d−
1, d). Also, (d, 0, d, 0, d) generates a larger hull than (d, 0, d). We may express
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this fact by setting (d, 0, d, 0, d) > (d, 0, d) > (d, d − 1, d). Generalizing this
ordering, we arrive at a partial order for stencils:

Definition 3 (partial order on stencils). A stencil I = (d, d1, d, . . . , dn, d)
dominates a stencil J = (d, c1, d, . . . , ck, d), in symbols I ≥ J , if there exists
1 ≤ i1 < . . . < ik ≤ n such that

cr ≥ dir for 1 ≤ r ≤ k

The expected result then is that a greater stencil generates a larger hull.
This holds indeed for sufficiently well-behaved grids, but is false in general:

Theorem 1 (Hull monotonicity of cell-based stencils). Let

I = (d, d1, d, d2, . . . , dn, d)

be a cell-based stencil, and G a manifold (with boundary) grid. Then

(i) For all cell sets A,B ⊂ Gd

A ⊂ B ⇒ HI(A) ⊂ HI(B) (germ monotonicity) (5)

(ii) If J is another cell-based stencil, then

J ≤ I ⇒ HJ(A) ⊆ HI(A) (stencil monotonicity) (6)

This result allows to compare stencils of different algorithms, and to select
a common super-stencil for overlap generation. At first glance, non-manifold
grids like in figure 3(a) appear not to be relevant in the context of numerical
PDE solution. Yet it is often necessary to restrict hull operations to some
subgrid. If such a subgrid is a partition produced by a standard partitioning
tool (cf. fig. 3(b)), non-manifold situations can in general not be excluded.

4 Algorithms for Calculating Stencil Hulls

The main purpose for introducing an algebraic notation for stencils on un-
structured grids was to enable automatic calculation of the hulls generated
by stencils. This section presents two algorithms for doing so: The first one
works in a sequential setting and operates on a germ set knowing the whole
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(a) A non-manifold grid (b) Output of a grid partitioning tool

Figure 3: Non-manifold grid parts may occur in practice.

(global) grid. The second one is a distributed version, working on the local
part of a distributed grid, initially knowing only about how shared elements
relate to corresponding elements of direct (i.e. linked by a common facet)
neighbors. We will see that the average case complexity of both algorithms
is optimal, provided some decent conditions are satisfied by the grid, and the
by partitioning in the distributed case.

The algorithms are dimension independent, achieved by judicious refer-
ence to codimension instead of to dimension whenever appropriate. Both
algorithms require that the grid representation supports the necessary inci-
dence queries: If the stencil contains for instance a sub-section like (0, d),
there must be a possibility to get all cells incident to a vertex. Also, in order
to achieve the complexity results mentioned above, we assume that in the ex-
ample the time required to access all cells incident to a vertex is proportional
to the number of those cells.

The formulation of the sequential hull calculation algorithm Incidence-

Hull is given in table 4. In line 1, it marks all grid elements as non-visited
in constant time. Also, in line 8 and 9, the visited-state of an element is
queried and changed. Here too, we require complexity O(1) (for the average
case). These requirements can be satisfied by taking a hash-table for the vis-
ited map. If instead we take a balanced tree, we get worst and average case
complexity O(log n) in lines 8 and 9, where n is the number of already visited
elements, that is, n = O(|H|). The following complexity result assumes a
hash-table like data structure.
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IN: stencil I = (d0, . . . , dn)
IN: germ K
OUT: levels L(0)

I (K), . . . ,L(n)
I (K)

1: visited ←false (by default: O(1))

2: L(0)
I = K

3: for all e ∈ L(0)
I do

4: visited(e) ←true
5: for k = 1, . . . , n do

6: for all e ∈ L(k−1)
I do

7: for all f incident to e, dim(f) = dk do
8: if not visited(fe) then
9: visited(fe) ←true

10: L(k)
I ←{fe} ∪ L(k)

I

Figure 4: Right: The IncidenceHull algorithm, left: Layers of
(C, V, C, V, C) seq.

Theorem 2. (Complexity of IncidenceHull) Let, for each element e of a
grid G, the number of elements of any dimension incident to e be bounded
by a constant M . Let I be a stencil, and K ⊂ G be a germ set. Then the
algorithm IncidenceHull calculates the hull H = HI(K) ⊂ G in expected
time O(|H|).

The constant M in the theorem is for practical grids reasonably small; for
two-dimensional grids, the average number of cells incident to a vertex is 6.

The algorithm DistributedHull for the distributed case is given in
table 5. Referring to the picture, we see the local part G(0)

i is all the algorithm
knows initially (plus the correspondences Sij of boundary elements to those
of the four direct neighbors). In the next step, partial hulls are copied from
those direct neighbors. In the second step, also information from indirect
neighbors (i. e. those sharing only a vertex with G(0)

i ) is obtained via the
direct neighbors.

In this simple case, we are finished in step 2. However, for more complex
stencils and unstructured grids, we could need more steps:
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IN: Distributed grid G(0)
i = Pi, 1 ≤ i ≤ n

IN: boundary correspondence
Sij : ∂Pi 7→ ∂Pj , 1 ≤ i, j ≤ n

k ← 0
repeat

for all parts Pi do (parallel)
for all direct neighbors Pj of Pi do

calculate hull Hij = HI(Sij) on G(k)
i

transfer all new elements of Hij to Pj
for all direct neighbors Pj of Pi do

get new elements of Hji from Pj
for all e ∈ Hji do

if e is still unknown then
l← owner of e, Cil ← {e} ∪ Cil

G(k+1)
i ← G(k)

i ∪ {new elements}
k ← k + 1

until no new elements have been added

�
2 �

i

�
1 �

i

�
0 �

i

Figure 5: TheDistributedHull algorithm

�
�

Figure 6: Quotient grid
around e, diam(st(e)) = 2

Theorem 3. Algorithm DistributedHull ob-
tains the copied ranges Cik for a stencil I =
(d, d1, . . . , dr, d) in at most

r∑
j=1

max
e ∈ Gdj

diam(st(e))

steps. Here G is the quotient grid, and with
diam(st(e)) we mean the maximal distance of
two cells in st(e), when passing to another cell
is allowed only through a facet.

Typically, the value of diam(st(e)) is bounded by a small number (2 for
2D Cartesian quotient, 1 for a typical vertex of a generic (unstructured)
partitioning). For a fixed stencil length, the average case complexity of hull
calculation is again O(H).
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5 Implementation Issues & Discussion

In order to use the concepts presented before in an application, it might
seem that a lot of coding effort on top of the given grid data structures is
necessary. To avoid repeated work for each application, it would be ideal to
provide an implementation which is independent of the underlying grid data
structures. A framework allowing exactly this independence has been devel-
oped in [1], using a paradigm known as generic programming [8]. Algorithms
and other components — such as distributed grids and overlap ranges — are
based generically on an interface (kernel) describing grid functionality in an
abstract way, and do not refer directly to the concrete grid representation
itself. Thus, the implementation can be reused across a wide variety of grid
representations, after an initial effort of creating a layer implementing the
kernel interface.

The actual realization of this approach uses the C++ template features
and follows the lines of the C++ Standard Template Library [7, 9]. Therefore,
the resulting code is quite efficient and in some cases achieves performance
equal to direct (non-generic) implementations. Software is available at [2].

The concepts presented have been successfully applied to parallelize appli-
cations for the solution of the instationary Euler equations and the stationary
incompressible Navier-Stokes equations, using explicit and implicit schemes,
respectively. Another parallelization effort is under way.

For the parallelization of a given numerical application, One will first cre-
ate the abstract interface layer as mentioned above. Next, one determines
the stencils of the algorithms used by the application. The generation of dis-
tributed overlapping grids can be left completely to the generic components
discussed above.

The program structures needing some adaptation are, above all, global
loops and global reduction operations. These typically bear a data-parallel
meaning analogous to “for all cells of the grid do . . . ”, and have to be
restricted to local ranges. The calculated grid data have to be synchronized
afterwards, an operation completely hidden by the underlying distributed
overlapping grids.

There has been much research work devoted to frameworks for parallel
computing in the context of structured grids, see e. g. [4, 5]. The situation is
different for unstructured grids, where no comparable work is known to the
author. A approach based on distributed graphs has been presented in [3];
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however, due to its generality, it cannot offer the same level of support and
efficiency for grid-based applications.

Distributed PDE solution has been the starting point for this work. An-
other potential application are cache-sensitive implementation which also
need to know the exact data dependencies of algorithms. Also, some of the
ad-hoc notations found in the literature could be unified, eliminating the
need for complicated (and potentially ambiguous) drawings.
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